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Abstract
The present paper deals with the evaluation of the q-Laplace transforms
of a product of basic analogues of the Bessel functions. As applications,
several useful special cases have been deduced.
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1. Introduction
Recently, Yadav and Purohit [12]-[14] evaluated the q-Laplace images of
a number of q-polynomials and generalized basic hypergeometric functions
of one and more variables, including the basic analogue of Fox’s H-function
(due to Saxena, Modi and Kalla [9]), and Purohit, Yadav and Vyas [7]
obtained q-Laplace transform of a basic analogue of the I-function (due to
Saxena and Kumar [8]).






by means of the following q-integrals:
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and




where the q-exponential series (analogues of the classical exponential func-














The basic integration (cf. Gasper and Rahman [4]) is defined by∫ x
0




By virtue of (1.6), the operator (1.2) can be expressed as







The correspondence defined by operators (1.2) and (1.7) shall be denoted
symbolically by
f(t) ⊃q φ(s),
where the function f(t) is called the original function, and φ(s) is named as
the q-Laplace transform, or q-image of the original function f(t).
For real or complex a and |q| < 1, the q-shifted factorial is defined as:
(a; q)n =
{
1 ; if n = 0
(1− a)(1− aq) · · · (1− aqn−1) ; if n ∈ N, (1.8)
also











(qa; q)∞(1− q)a−1 =
(q; q)a−1
(1− q)a−1 , (1.10)
where a 6= 0,−1,−2, · · · .
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The generalized basic hypergeometric series rΦs(.) (cf. Slater [10]), is:
rΦs
 a1, · · · , ar; q, x
b1, · · · , bs;
 = ∞∑
n=0
(a1, · · · , ar; q)n xn
(q, b1, · · · , bs; q)n , (1.11)
where for the convergence of the series (1.11), we require |q| < 1 and |x| < 1
if r = s+ 1.









 0, 0; q,−x2/4
qν+1;
 . (1.12)
Abdi [1] has investigated the fundamental properties of the q-Laplace
transforms and established several theorems related to q-images of basic
functions.
The main motivation for this paper is to evaluate the q-Laplace trans-
form of product of basic analogues of the Bessel functions. Interesting spe-
cial cases of the main result are also discussed.
2. q-Laplace image of product of q-Bessel functions
Theorem. Consider a tν−1-weighted product of n different q-Bessel
functions J2µj (2
√











Γq(ν+M)(1−q)ν−M−1aµ11 · · · aµnn
sν+MΓq(2µ1+1) · · ·Γq(2µn+1)
× Ψ(n)2
(
qν+M ; q2µ1+1, · · · , q2µn+1; q; −a1
s




where M = µ1 + · · ·+ µn, Re(ν +M) > 0 and Re(s) > 0.
P r o o f. To prove (2.1), we put
f(t) = tν−1J2µ1(2
√
a1t; q) · · ·J2µn(2
√
ant; q)














































Interchanging the order of summations in the right-hand side of the above
equation (2.2), this yields
(q2µ1+1; q)∞
(q; q)∞





















Using equation (1.10), and then summing the inner 0Φ0(.)-series with
the help of the formula
0Φ0(−;−; q; t) = 1(t; q)∞ , (2.3)
the above expression yields:
(q; q)∞(1− q)−2(µ1+···+µn)aµ11 · · · aµnn













(q; q)∞(1− q)−2(µ1+···+µn)aµ11 · · · aµnn





(q2µ1+1; q)m1 · · · (q2µn+1; q)mn
(−a1/s)m1
(q; q)m1




Further simplifications lead to
Γq(ν +M)(1− q)ν−M−1aµ11 · · · aµnn
sν+MΓq(2µ1 + 1) · · ·Γq(2µn + 1)
ON q-LAPLACE TRANSFORMS OF . . . 193
× Ψ(n)2
(
qν+M ; q2µ1+1, · · · , q2µn+1; q; −a1
s




whereM = µ1+· · ·+µn and Ψ(n)2 (.) denotes the confluent q-hypergeometric
function defined as





(c1; q)m1 · · · (cn; q)mn
xm11
(q; q)m1





This completes the proof of (2.1).
3. Special cases
In this section we evaluate the q-Laplace transforms involving the q-
Bessel functions as applications of our main result (2.1). First, we put











Γq(ν +M)(1− q)ν−M−1aµ11 aµ22
sν+MΓq(2µ1 + 1)Γq(2µ2 + 1)
× Ψ2
(








where M = µ1 + µ2, Re(ν +M) > 0 and Re(s) > 0.
If we put n = 1, µ1 = ν, ν = µ and a1 = a in (2.1), we obtain a Laplace















for Re(µ+ ν) > 0 and Re(s) > 0.
Replacing µ and ν by ν2 + 1 and
ν







= aν/2s−ν−1 eq(−a/s), Re(s) > 0. (3.3)







= a1/2s−2 eq(−a/s), Re(s) > 0. (3.4)
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= s−1 eq(−a/s), Re(s) > 0. (3.5)

























where Γq(α, x) denotes the q-extension of the incomplete gamma function




 q; q, x
qα+1;
 . (3.7)
Further, for ν = 0 and a = 0, we obtain a q-extension of the well-known








, Re(s) > 0. (3.8)
Finally, it is interesting to observe that in view of the limit formulae
lim
q→1−
Γq(a) = Γ(a) and lim
q→1−
(qa; q)n
(1− q)n = (a)n , (3.9)
where
(a)n = a(a+ 1) · · · (a+ n− 1), (3.10)
the main result (2.1) and the results (3.2) to (3.6), give q-extensions of the
known results mentioned in Erde´lyi, Magnus, Oberhettinger and Tricomi










Γ(ν +M)aµ11 · · · aµnn
sν+MΓ(2µ1 + 1) · · ·Γ(2µn + 1)
× Ψ(n)2
(
ν +M ; 2µ1 + 1, · · · , 2µn + 1; −a1
s
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sµ+νΓ(2ν + 1) 1
F1
 µ+ ν; −a/s
2ν + 1;
 , (3.12)



































The results proved in this paper give some contributions to the theory
of the q-series, especially q-Bessel functions, and may find applications to
solutions of certain q-difference and q-integral equations associated with
various q-Bessel functions. In this regard, one can refer to the work of Abdi
[2].
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